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Öz: Bu çalışmada, fonksiyonların harmonik konveksliği üzerine çalıştık. İlk olarak, reel sayı doğrusu 

üzerinde bu fonksiyonlar için bazı yeni genelleştirilmiş Hadamard tipi ve Ostrowski tipi eşitsizlikleri elde 

ettik. Ayrıca, harmonik konveks fonksiyonlar için iki-boyutlu operatörü kullanarak yukarıda söz edilen 

eşitsizlikleri genelleştirdik.  
 

Anahtar Kelimeler — harmonik konveks fonksiyon, Hermite-Hadamard tipli eşitsizlikler, Ostrowski tipli 

eşitsizlikler. 

 

Abstract: In this study, we studied on the harmonically convexity of functions. Firstly, we obtained some 

new generalized Hadamard’s type and Ostrowski’s type inequalities for these functions on the real number 

line. Besides, we generalized the above mentioned inequalities using two-dimensional operator for 

harmonically convex functions. 

  

Keywords — harmonically convex function, Hermite-Hadamard type inequalities, Ostrowski’s type 

inequalities. 
 

 

1. Introduction and Preliminaries 

It becomes famous the Hermite-Hadamard inequality for convex functions [1] in the recent 

years. Alomari [2] generalized this classical Hermite-Hadamard type inequality for every 

convex function and obtained the Ostrowski’s type inequalitiy for every positive convex 

function on [𝑎, 𝑏]. Recently, Dragomir [3] proved the classical Hermite-Hadamard type 

inequality for convex functions on the coordinates. Like as Alomari [2], Mwaeze [4] proved 

some generalizations inequalities of the above mentioned inequalities on the coordinates. 

The Hermite-Hadamard type integral inequality for convex functions has received renewed 

attention in recent years and the remarkable varieties of refinements and generalizations have 

been found in [1]-[13]. In this context, the Hermite-Hadamard type inequalities for 

harmonically convex functions were obtained by many researchers in literature (see, [8]-[13]). 

Also, İşcan [8] showed definition of harmonically convex as follows: 

Definition 1.1 ([8]). Let 𝐼 ⊂ ℝ ∖ {0} be a real interval. A function 𝑓: 𝐼 ⊂ ℝ ∖ {0} → ℝ is said 

to be harmonically convex, if  
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𝑓 (
𝑥𝑦

𝜆𝑥 + (1 − 𝜆)𝑦
) ≤ 𝜆𝑓(𝑦) + (1 − 𝜆)𝑓(𝑥) 

for all 𝑥, 𝑦 ∈ 𝐼,  𝜆 ∈ [0,1]. If the above inequality is reversed, then 𝑓 is said to be 

harmonically concave.  

Proposition 1.1 ([8]). Let 𝑓: 𝐼 ⊂ ℝ ∖ {0} → ℝ be a function then  

i) if 𝐼 ⊂ (0,∞) and 𝑓 is convex and nondecreasing function then 𝑓 is harmonically convex, 

ii) if 𝐼 ⊂ (0,∞) and 𝑓 is harmonically convex and nondecreasing function then 𝑓 is convex, 

iii) if 𝐼 ⊂ (0,∞) and 𝑓 is harmonically convex and nondecreasing function then 𝑓 is convex, 

iv) if 𝐼 ⊂ (0,∞) and 𝑓 is convex and nondecreasing function then 𝑓 is harmonically convex. 

 

Theorem 1.1 ([8]). Let 𝑓: 𝐼 ⊂ ℝ ∖ {0} → ℝ be harmonically convex function and 𝑎, 𝑏 ∈ 𝐼 

with 𝑎 < 𝑏. If 𝑓 ∈ 𝐿[𝑎, 𝑏] then the following inequality holds 

𝑓 (
2𝑎𝑏

𝑎 + 𝑏
) ≤

𝑎𝑏

𝑏 − 𝑎
∫𝑓(𝑥)𝑑𝑥

𝑏

𝑎

≤
𝑓(𝑎) + 𝑓(𝑏)

2
. 

Now, Let us see definition of two-dimensional harmonically convex function by Noor et al. 

[9]. Consider ∆= [𝑎, 𝑏] × [𝑐, 𝑑] ⊂ ℝ2 ∖ {0} with 𝑎 < 𝑏 and 𝑐 < 𝑑. 

Definition 1.2 ([9]). A function 𝑓: ∆→ ℝ is said to be a harmonically convex on ∆, if the 

following inequality holds  

𝑓 (
𝑎𝑐

𝜆𝑎 + (1 − 𝜆)𝑐
,

𝑏𝑑

𝜆𝑏 + (1 − 𝜆)𝑑
) ≤ (1 − 𝜆)𝑓(𝑎, 𝑏) + 𝜆𝑓(𝑐, 𝑑) 

for all (𝑎, 𝑏), (𝑐, 𝑑) ∈ ∆ and 𝜆 ∈ [0,1]. If the above inequality is reversed, then 𝑓 is said to be 

a harmonically concave on ∆.  

Definition 1.3 ([9]). A function 𝑓: ∆⊂ ℝ2 ∖ {0} → ℝ is said to be a harmonically convex on 

the co-ordinates if the partial mappings 𝑓𝑠: [𝑎, 𝑏] ⊂ ℝ ∖ {0} → ℝ, 𝑓𝑠(𝑢) ≔ 𝑓(𝑢, 𝑠) and 

𝑓𝑡: [𝑐, 𝑑] ⊂ ℝ ∖ {0} → ℝ, 𝑓𝑡(𝑣) ≔ 𝑓(𝑡, 𝑣) defined for all 𝑡 ∈ [𝑎, 𝑏] and 𝑠 ∈ [𝑐, 𝑑] are 

harmonically convex. 

Theorem 1.2 ([9]). Suppose that 𝑓: ∆⊂ ℝ2 ∖ {0} → ℝ is harmonically convex on the co-

ordinates. Then the following inequality holds 

𝑓 (
2𝑎𝑏

𝑎 + 𝑏
,

2𝑐𝑑

𝑐 + 𝑑
) ≤

1

2
[

𝑎𝑏

𝑏 − 𝑎
∫

1

𝑡2
𝑓

𝑏

𝑎

(𝑡,
2𝑐𝑑

𝑐 + 𝑑
)𝑑𝑡 +

𝑐𝑑

𝑑 − 𝑐
∫

1

𝑠2
𝑓 (

2𝑎𝑏

𝑎 + 𝑏
, 𝑠)

𝑑

𝑐

𝑑𝑠] 

≤
𝑎𝑏𝑐𝑑

(𝑏 − 𝑎)(𝑑 − 𝑐)
∫∫

1

(𝑡𝑠)2
𝑓(𝑡, 𝑠)𝑑𝑡𝑑𝑠

𝑑

𝑐

𝑏

𝑎

 

≤
1

4
[

𝑎𝑏

𝑏 − 𝑎
∫

1

𝑡2
(𝑓(𝑡, 𝑐) + 𝑓(𝑡, 𝑑))𝑑𝑡

𝑏

𝑎

+
𝑐𝑑

𝑑 − 𝑐
∫

1

𝑠2
(𝑓(𝑎, 𝑠) + 𝑓(𝑏, 𝑠))𝑑𝑠

𝑑

𝑐

] 

≤
𝑓(𝑎, 𝑐) + 𝑓(𝑎, 𝑑) + 𝑓(𝑏, 𝑐) + 𝑓(𝑏, 𝑑)

4
. 
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Concordantly, in present study, we obtained some important generalized inequalities for 

harmonically convex functions on real number line and on the coordinates, respectively.  

 

2. Main Results 

This section contains two sub-sections. In the first sub-section we obtained the generalized 

Hadamard’s type and Ostrowski’s type inequalities for harmonically convex functions on the 

real number line. In the second sub-section we verified the above mentioned inequalities for 

harmonically convex functions on the coordinates. 

2.1. Generalized Inequalities for Harmonically Convex Functions on the Real Line 

Let us obtain the generalized Hadamard’s type inequality for related functions.  

Theorem 2.1. Let 𝑓: 𝐼 ⊂ ℝ ∖ {0} → ℝ be a harmonically convex function and 𝑓 ∈ 𝐿[𝑎, 𝑏]. 
Then the double inequality holds 

𝑏 − 𝑎

𝑛𝑎𝑏
∑ 𝑓

𝑛

𝑘=1

(
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

) ≤ ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑏

𝑎

≤
𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑎) + 2 ∑ 𝑓(𝑡𝑘)

𝑛−1

𝑘=1

+ 𝑓(𝑏)]          (2.1) 

where 𝑡𝑘 = 𝑎 + 𝑘
𝑏−𝑎

𝑛
 , 𝑘 = 1,2, …, n;  𝑛 ∈ 𝑁.  

Proof. Using harmonically convexity of 𝑓 on each sub-interval [𝑡𝑘−1, 𝑡𝑘] ⊆ [𝑎, 𝑏], 𝑘 =
1,2, … , 𝑛, then for all 𝜆 ∈ [0,1] 

𝑓 (
𝑡𝑘−1𝑡𝑘

𝜆𝑡𝑘−1 + (1 − 𝜆)𝑡𝑘
) ≤ 𝜆𝑓(𝑡𝑘) + (1 − 𝜆)𝑓(𝑡𝑘−1).                               (2.2) 

Integrating (2.2) with respect to 𝜆 on [0,1]  

∫𝑓 (
𝑡𝑘−1𝑡𝑘

𝜆𝑡𝑘−1 + (1 − 𝜆)𝑡𝑘
)𝑑𝜆

1

0

≤
𝑓(𝑡𝑘−1) + 𝑋(𝑡𝑘)

2
.                                      (2.3) 

Changing of variable 𝑡 =
𝑡𝑘−1𝑡𝑘

𝜆𝑡𝑘−1+(1−𝜆)𝑡𝑘
 in (2.3)  

∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑡𝑘−1

≤
𝑡𝑘 − 𝑡𝑘−1

2𝑡𝑘−1𝑡𝑘
(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘)).    

Taking the sum over 𝑘 from 1 to 𝑛, we get 

∑ ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑡𝑘−1

𝑛

𝑘=1

= ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑏

𝑎

≤ ∑
𝑡𝑘 − 𝑡𝑘−1

2𝑡𝑘−1𝑡𝑘
(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘))

𝑛

𝑘=1

.  

≤
1

2
max

𝑘
{
𝑡𝑘 − 𝑡𝑘−1

𝑡𝑘−1𝑡𝑘
} ∑(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘))

𝑛

𝑘=1

 

=
𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑡0) + 𝑓(𝑡1) + ∑(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘)) + 𝑓(𝑡𝑛−1) + 𝑓(𝑡𝑛)

𝑛−1

𝑘=2

] 
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=
𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑎) + 2 ∑ 𝑓(𝑡𝑘) + 𝑓(𝑏)

𝑛−1

𝑘=1

].                                             (2.4) 

Because of harmonically convexity of 𝑓 on [𝑡𝑘−1, 𝑡𝑘], then for 𝜆 ∈ [0,1] 

𝑓 (
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

) ≤
1

2
[𝑓 (

𝑡𝑘−1𝑡𝑘
𝜆𝑡𝑘−1 + (1 − 𝜆)𝑡𝑘

) + 𝑓 (
𝑡𝑘−1𝑡𝑘

𝜆𝑡𝑘−1 + (1 − 𝜆)𝑡𝑘
)] 

≤
1

2
[𝑓(𝜆𝑡𝑘 + (1 − 𝜆)𝑡𝑘−1) + 𝑓((1 − 𝜆)𝑡𝑘 + 𝜆𝑡𝑘−1)].                (2.5) 

Applying on (2.5) by using similar way in (2.2)-(2.4)  

𝑏 − 𝑎

𝑛𝑎𝑏
∑ 𝑓

𝑛

𝑘=1

(
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

) ≤ ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑏

𝑎

.                                          (2.6) 

From (2.4) and (2.6), we have (2.1).  

 

Let us give firstly the generalized Ostrowki’s type inequality for related functions  

Theorem 2.2. Let 𝑓: 𝐼 ⊂ ℝ ∖ {0}  → ℝ+ be a positive harmonically convex function and 

𝑓 ∈ 𝐿[𝑎, 𝑏]. Then the inequality holds 

∫
𝑓(𝑡)

𝑡2

𝑏

𝑎

𝑑𝑡 − (
𝑏 − 𝑎

2𝑎𝑏
) 𝑓(𝑠) ≤

𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑎) + 2 ∑ 𝑓(𝑡𝑘)

𝑛−1

𝑘=1

+ 𝑓(𝑏)]          (2.7) 

for all 𝑠 ∈ [𝑎, 𝑏],  where 𝑡𝑘 = 𝑎 + 𝑘
𝑏−𝑎

𝑛
 , 𝑘 = 1,2, …, n;  𝑛 ∈ 𝑁.  

Proof. Fix  𝑠 ∈ [𝑡𝑘−1, 𝑡𝑘], 𝑘 = 1,2, … , 𝑛. Since 𝑓 is harmonically convex on [𝑎, 𝑏], then 𝑓 so 

is harmonically convex on each subinterval [𝑡𝑘−1, 𝑡𝑘], in particular on [𝑡𝑘−1, 𝑠], then  

𝑓 (
𝑡𝑘−1𝑠

𝜆𝑡𝑘−1 + (1 − 𝜆)𝑠
) ≤ 𝜆𝑓(𝑠) + (1 − 𝜆)𝑓(𝑡𝑘−1), 𝑘 = 1,2, … , 𝑛                  (2.8) 

Integrating (2.8) with respect to 𝜆 on [0,1] we get 

∫𝑓 (
𝑡𝑘−1𝑠

𝜆𝑡𝑘−1 + (1 − 𝜆)𝑠
) 𝑑𝜆

1

0

≤
𝑓(𝑡𝑘−1) + 𝑓(𝑠)

2
.                                        (2.9) 

Changing of variable 𝑡 =
𝑡𝑘−1𝑠

𝜆𝑡𝑘−1+(1−𝜆)𝑠
  in (2.9), then 

∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑠

𝑡𝑘−1

≤
𝑠 − 𝑡𝑘−1

2𝑡𝑘−1𝑠
(𝑓(𝑡𝑘−1) + 𝑓(𝑠)).                                          (2.10) 

Similarly for [𝑠, 𝑡𝑘]  

∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑠

≤
𝑡𝑘 − 𝑠

2𝑡𝑘−1𝑠
(𝑓(𝑠) + 𝑓(𝑡𝑘)).                                                  (2.11) 
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Adding the inequalities (2.10) and (2.11) 

∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑠

𝑡𝑘−1

+ ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑠

= ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑡𝑘−1

 

≤
𝑠 − 𝑡𝑘−1

2𝑡𝑘−1𝑠
(𝑓(𝑡𝑘−1) + 𝑓(𝑠)) +

𝑡𝑘 − 𝑠

2𝑡𝑘𝑠
(𝑓(𝑠) + 𝑓(𝑡𝑘)) 

≤
𝑡𝑘 − 𝑡𝑘−1

2𝑡𝑘−1𝑡𝑘
{𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘)} +

𝑏 − 𝑎

2𝑎𝑏
𝑓(𝑠).                              (2.12) 

Taking the sum over 𝑘 from 1 to 𝑛, we get 

∑ ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑡𝑘

𝑡𝑘−1

𝑛

𝑘=1

= ∫
𝑓(𝑡)

𝑡2
𝑑𝑡

𝑏

𝑎

≤ ∑
𝑡𝑘 − 𝑡𝑘−1

2𝑡𝑘−1𝑡𝑘
(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘))

𝑛

𝑘=1

+ ∑
𝑏 − 𝑎

2𝑎𝑏
𝑓(𝑠)

𝑛

𝑘=1

.  

≤
1

2
max

𝑘
{
𝑡𝑘 − 𝑡𝑘−1

𝑡𝑘−1𝑡𝑘
} ∑(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘))

𝑛

𝑘=1

+
𝑏 − 𝑎

2𝑎𝑏
𝑓(𝑠) 

=
𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑡0) + 𝑓(𝑡1) + ∑(𝑓(𝑡𝑘−1) + 𝑓(𝑡𝑘)) + 𝑓(𝑡𝑛−1) + 𝑓(𝑡𝑛)

𝑛−1

𝑘=2

] +
𝑏 − 𝑎

2𝑎𝑏
𝑓(𝑠) 

=
𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑎) + 2 ∑ 𝑓(𝑡𝑘) + 𝑓(𝑏)

𝑛−1

𝑘=1

] +
𝑏 − 𝑎

2𝑎𝑏
𝑓(𝑠). 

Remark 2.2. In Theorem 2.1 for 𝑛 = 1, then the clasicall Hermite-Hadamard inequality for 

harmonically convex functions is obtained. 

 

2.2. Generalized Inequalities for Two-dimensional Harmonically Convex Functions  

Throughout this section, consider ∆:= [𝑎, 𝑏] × [𝑐, 𝑑] ⊂ ℝ2 ∖ {0} with 𝑎 < 𝑏 and 𝑐 < 𝑑. Let 

us obtain the generalized Hadamard’s inequality for related functions: 

Theorem 2.3. Let 𝑓: 𝛥 ⊂ ℝ2 ∖ {0} → ℝ be harmonically convex on the coordinates on 𝛥. The 

following inequality satisfies  

𝑑 − 𝑐

2𝑛𝑐𝑑
∑ ∫

(𝑡,
2𝑠𝑘𝑠𝑘−1

𝑠𝑘−1 + 𝑠𝑘
)

𝑡2
𝑑𝑡

𝑏

𝑎

+
𝑏 − 𝑎

2𝑛𝑎𝑏
∑ ∫

(
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

, 𝑠)

𝑠2

𝑑

𝑐

𝑛

𝑘=1

𝑛

𝑘=1

𝑑𝑠 

                             ≤
𝑎𝑏𝑐𝑑

(𝑏 − 𝑎)(𝑑 − 𝑐)
∫∫

𝑓(𝑡, 𝑠)

(𝑡𝑠)2
𝑑𝑡𝑑𝑠

𝑑

𝑐

𝑏

𝑎

 

≤
𝑑 − 𝑐

4𝑛𝑐𝑑
∫

[𝑓(𝑡, 𝑐) + (𝑡, 𝑑)]

𝑡2
𝑑𝑡 +

𝑏 − 𝑎

4𝑛𝑎𝑏
∫

[(𝑎, 𝑠) + 𝑓(𝑏, 𝑠)]

𝑠2
𝑑𝑠

𝑑

𝑐

𝑏

𝑎
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+
𝑑 − 𝑐

2𝑛𝑐𝑑
∑ ∫

𝑓(𝑡, 𝑠𝑘)

𝑡2
𝑑𝑡 +

𝑏 − 𝑎

2𝑛𝑎𝑏
∑ ∫

𝑓(𝑡𝑘, 𝑠)

𝑠2
𝑑𝑠

𝑑

𝑐

,

𝑛−1

𝑘=1

𝑏

𝑎

𝑛−1

𝑘=1

                          (2.13) 

where 𝑡𝑘 = 𝑎 + 𝑘
𝑏−𝑎

𝑛
,  𝑠𝑘 = 𝑐 + 𝑘

𝑑−𝑐

𝑛
,   𝑘 = 1,2, …, n; 𝑛 ∈ 𝑁. 

Proof. Using Theorem 2.1 for  𝑓𝑡: [𝑐, 𝑑] ⊂ ℝ ∖ {0}  → ℝ, 𝑓𝑡(𝑠) = 𝑓((𝑡, 𝑠)) 

𝑑 − 𝑐

𝑛𝑐𝑑
∑ 𝑓𝑡

𝑛

𝑘=1

(
2𝑠𝑘𝑠𝑘−1

𝑠𝑘−1 + 𝑠𝑘
) ≤ ∫

𝑓𝑡(𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 ≤
𝑑 − 𝑐

2𝑛𝑐𝑑
[𝑓𝑡(𝑐) + 2 ∑ 𝑓𝑡

𝑛−1

𝑘=1

(𝑠𝑘) + 𝑓𝑡(𝑑)]. 

Thus  

𝑑 − 𝑐

𝑛𝑐𝑑
∑ 𝑓 (𝑡,

2𝑠𝑘𝑠𝑘−1

𝑠𝑘−1 + 𝑠𝑘
)

𝑛

𝑘=1

≤ ∫
𝑓(𝑡, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 

≤
𝑑 − 𝑐

2𝑛𝑐𝑑
[𝑓(𝑡, 𝑐) + 𝑓(𝑡, 𝑑) + 2 ∑ 𝑓

𝑛−1

𝑘=1

(𝑡, 𝑠𝑘)].                                  (2.14) 

Integrating all sides of (2.14) on [𝑎, 𝑏] and multiplying  
1

𝑡2 ,  we have  

𝑑 − 𝑐

𝑛𝑐𝑑
∑ ∫

𝑓 (𝑡,
2𝑠𝑘𝑠𝑘−1

𝑠𝑘−1 + 𝑠𝑘
)

𝑡2

𝑏

𝑎

𝑛

𝑘=1

𝑑𝑡 ≤ ∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑑𝑡𝑑𝑠

𝑏

𝑎

 

≤
𝑑 − 𝑐

2𝑛𝑐𝑑
[∫

𝑓(𝑡, 𝑐)

𝑡2

𝑏

𝑎

𝑑𝑡 + ∫
𝑓(𝑡, 𝑑)

𝑡2

𝑏

𝑎

𝑑𝑡 + 2 ∑ ∫
𝑓(𝑡, 𝑠𝑘)

𝑡2

𝑏

𝑎

𝑛−1

𝑘=1

𝑑𝑡].                   (2.15) 

Similarly  

𝑏 − 𝑎

𝑛𝑎𝑏
∑ ∫

𝑓 (
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

, 𝑠)

𝑠2

𝑑

𝑐

𝑛

𝑘=1

𝑑𝑠 ≤ ∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑑𝑡𝑑𝑠

𝑏

𝑎

 

≤
𝑏 − 𝑎

2𝑛𝑎𝑏
[∫

𝑓(𝑢1, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + ∫
𝑓(𝑢2, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + 2 ∑ ∫
𝑓(𝑡𝑘, 𝑠)

𝑠2

𝑑

𝑐

𝑛−1

𝑘=1

𝑑𝑠].              (2.16) 

Adding (2.15) and (2.16), one gets (2.13). That completes the proof. 

Remark 2.3. Under the assumptions of Theorem 2.3, the classical Hermite-Hadamard 

inequality for harmonically convex functions is obtained on the coordinates and we have the 

following inequality 

∑ 𝑓

𝑛

𝑘=1

(
2𝑎𝑏

𝑎 + 𝑏
,
2𝑠𝑘𝑠𝑘−1

𝑠𝑘−1 + 𝑠𝑘
) + ∑ 𝑓

𝑛

𝑘=1

(
2𝑡𝑘−1𝑡𝑘
𝑡𝑘−1 + 𝑡𝑘

,
2𝑐𝑑

𝑐 + 𝑑
) 
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≤
𝑛𝑐𝑑

𝑑 − 𝑐
∫

𝑓 (
2𝑎𝑏
𝑎 + 𝑏

, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 +
𝑛𝑎𝑏

𝑏 − 𝑎
∫

𝑓 (𝑡,
2𝑐𝑑
𝑐 + 𝑑

)

𝑡2

𝑏

𝑎

𝑑𝑡; 

𝑛𝑐𝑑

𝑑 − 𝑐
∫

[𝑓(𝑎, 𝑠) + 𝑓(𝑏, 𝑠)]

𝑠2
𝑑𝑠 +

𝑛𝑎𝑏

𝑏 − 𝑎
∫

[𝑓(𝑡, 𝑐) + 𝑓(𝑡, 𝑑)]

𝑡2
𝑑𝑡

𝑏

𝑎

𝑑

𝑐

 

≤ 𝑓(𝑎, 𝑐) + 𝑓(𝑎, 𝑑) + 𝑓(𝑏, 𝑐) + 𝑓(𝑏, 𝑑) + ∑[𝑓(𝑎, 𝑠𝑘) + 𝑓(𝑏, 𝑠𝑘) + 𝑓(𝑡𝑘, 𝑐) + 𝑓(𝑡𝑘, 𝑑)].

𝑛−1

𝑘=1

 

Let us prove the generalized Ostrowki’s type inequality for related functions. 

Theorem 2.4. Let 𝑓: 𝛥 ⊂ ℝ2 ∖ {0} → ℝ+ be harmonically convex on the coordinates. Then 

the following inequality holds 

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 

≤
𝑏 − 𝑎

4𝑛𝑎𝑏
[(𝑛 + 1)∫

𝑓(𝑎, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + +2 ∑ ∫
𝑓(𝑡𝑘, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠

𝑛−1

𝑘=1

(𝑛 + 1)∫
𝑓(𝑏, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠] 

+
𝑑 − 𝑐

4𝑛𝑐𝑑
[(𝑛 + 1) ∫

𝑓(𝑡, 𝑐)

𝑡2

𝑏

𝑎

𝑑𝑡 + +2 ∑ ∫
𝑓(𝑡, 𝑠𝑘)

𝑡2

𝑏

𝑎

𝑑𝑡

𝑛−1

𝑘=1

(𝑛 + 1)∫
𝑓(𝑡, 𝑑)

𝑡2

𝑏

𝑎

𝑑𝑡], 

where  𝑡𝑘 and 𝑠𝑘 are defined as in Theorem 2.3.  

Proof. Using Theorem 2.2 for 𝑓𝑠: [𝑎, 𝑏] ⊂ ℝ ∖ {0} → ℝ,  𝑓𝑠(𝑡) = 𝑓((𝑡, 𝑠)) at 𝑡 = 𝑏, 

∫
𝑓𝑠(𝑡)

𝑡2

𝑏

𝑎

𝑑𝑡 − (
𝑏 − 𝑎

2𝑎𝑏
) 𝑓𝑠(𝑏) ≤

𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓𝑠(𝑎) + 2 ∑ 𝑓𝑠

𝑛−1

𝑘=1

(𝑡𝑘) + 𝑓𝑠(𝑏)]. 

Thus 

∫
𝑓(𝑡, 𝑠)

𝑡2

𝑏

𝑎

𝑑𝑡 − (
𝑏 − 𝑎

2𝑎𝑏
) 𝑓(𝑏, 𝑠) ≤

𝑏 − 𝑎

2𝑛𝑎𝑏
[𝑓(𝑎, 𝑠) + 2 ∑ 𝑓

𝑛−1

𝑘=1

(𝑡𝑘, 𝑠) + 𝑓(𝑏, 𝑠)].   (2.17) 

Integrating all sides of (2.17) on [𝑐, 𝑑] and multiplying 
1

𝑠2 , we get 

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 

≤
𝑏 − 𝑎

2𝑛𝑎𝑏
[∫

𝑓(𝑎, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + (1 + 2𝑛)∫
𝑓(𝑏, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + 2 ∑ ∫
𝑓(𝑡𝑘, 𝑠)

𝑠2

𝑑

𝑐

𝑛−1

𝑘=1

𝑑𝑠].    (2.18) 

Using Theorem 2.2 for the mapping 𝑓𝑠 at 𝑡 = 𝑎 and integrating over [𝑐, 𝑑] 
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∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 

≤
𝑏 − 𝑎

2𝑛𝑎𝑏
[(1 + 2𝑛)∫

𝑓(𝑎, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + ∫
𝑓(𝑏, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + 2 ∑ ∫
𝑓(𝑡𝑘, 𝑠)

𝑠2

𝑑

𝑐

𝑛−1

𝑘=1

𝑑𝑠]         (2.19) 

Using (2.18) and (2.19)  

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 ≤
𝑏 − 𝑎

2𝑛𝑎𝑏

[
 
 
 
 
 
 
(𝑛 + 1)∫

𝑓(𝑎, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠 + (𝑛 + 1)∫
𝑓(𝑏, 𝑠)

𝑠2

𝑑

𝑐

𝑑𝑠

+2 ∑ ∫
𝑓(𝑡𝑘, 𝑠)

𝑠2

𝑑

𝑐

𝑛−1

𝑘=1

𝑑𝑠
]
 
 
 
 
 
 

.           (2.20) 

Similarly 

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 ≤
𝑑 − 𝑐

2𝑛𝑐𝑑

[
 
 
 
 
 
 
(𝑛 + 1) ∫

𝑓(𝑡, 𝑐)

𝑡2

𝑏

𝑎

𝑑𝑡 + (𝑛 + 1) ∫
𝑓(𝑡, 𝑑)

𝑡2

𝑏

𝑎

𝑑𝑡

+2 ∑ ∫
𝑓(𝑡, 𝑠𝑘)

𝑡2

𝑢2

𝑢1

𝑑𝑡

𝑛−1

𝑘=1 ]
 
 
 
 
 
 

.           (2.21)  

The desired inequality is obtained by adding (2.20) and (2.21). 

Remark 2.4. Under the assumptions of Theorem 2.4, then 

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 ≤
𝑑 − 𝑐

2𝑐𝑑
∫

[𝑓(𝑡, 𝑐) + 𝑓(𝑡, 𝑑)]

𝑡2
𝑑𝑡

𝑏

𝑎

+
𝑏 − 𝑎

2𝑎𝑏
∫

[𝑓(𝑎, 𝑠) + 𝑓(𝑏, 𝑠)]

𝑠2
𝑑𝑠

𝑑

𝑐

; 

∫∫
𝑓(𝑡, 𝑠)

(𝑡𝑠)2

𝑑

𝑐

𝑏

𝑎

𝑑𝑡𝑑𝑠 ≤
𝑑 − 𝑐

8𝑐𝑑
∫

[3𝑓(𝑡, 𝑐) + 2𝑓 (𝑡,
2𝑐𝑑
𝑐 + 𝑑

) + 3𝑓(𝑡, 𝑑)]

𝑡2
𝑑𝑡

𝑏

𝑎

 

+
𝑏 − 𝑎

8𝑎𝑏
∫

[3𝑓(𝑎, 𝑠) + 2𝑓 (
2𝑎𝑏
𝑎 + 𝑏

, 𝑠) + 3𝑓(𝑏, 𝑠)]

𝑠2
𝑑𝑠.

𝑑

𝑐
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4. Conclusion 

In this paper, we obtained important generalized inequalities for harmonically functions on 

the real number line and on the coordinates. One can verify some generalized inequalities for 

various classes of convex functions.  
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